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Abstract 

New types of systems of fuzzy relation inequalities and equations, called weakly linear, have been recently introduced 
in [J. Ignjatovic, M. Ciric, S. Bogdanovic, On the greatest solutions to weakly linear systems of fuzzy relation inequalities 
and equations. Fuzzy Sets and Systems 161 (2010) 3081-3113.]. The mentioned paper dealt with homogeneous weakly 
linear systems, composed of fuzzy relations on a single set, and a method for computing their greatest solutions has been 
provided. This method is based on the computing of the greatest post-fixed point, contained in a given fuzzy relation, 
of an isotone function on the lattice of fuzzy relations. Here we adapt this method for computing the greatest solutions 
of heterogeneous weakly linear systems, where the unknown fuzzy relation relates two possibly different sets. We also 
introduce and study quotient fuzzy relational systems and establish relationships between solutions to heterogeneous 
and homogeneous weakly linear systems. Besides, we point out to applications of the obtained results in the state 
reduction of fuzzy automata and computing the greatest simulations and bisimulations between fuzzy automata, as 
well as in the positional analysis of fuzzy social networks. 

Keywords: Fuzzy relations; fuzzy relational systems; fuzzy relation inequalities; fuzzy relation equations; matrix 
inequalities; residuals of fuzzy relations; fuzzy equivalence relations; complete residuated lattices; post-fixed points 



1. Introduction 

Systems of fuzzy relation equations and inequalities were first studied by Sanchez, who used them in 
medical research (cf. js^ - lil]] ). Later they found a much wider field of application, and nowadays they are 
used in fuzzy control, discrete djmamic systems, knowledge engineering, identification of fuzzy systems, 
prediction of fuzzy systems, decision-making, fuzzy information retrieval, fuzzy pattern recognition, image 
compression and reconstruction, and in many other areas (cf., e.g., [lUSmiHbs, 31, 32]). 

Most frequently studied systems were the ones that consist of equations and inequalities with one side 
containing the composition of an unknown fuzzy relation and a given fuzzy relation or fuzzy set, while the 
other side contains only another given fuzzy relation or fuzzy set. Such systems are called linear systems. 
Solvability and methods for computing the greatest solutions to linear systems of fuzzy relation equations 
and inequalities were first studied in the above mentioned papers by Sanchez, who discussed linear sys- 
tems over the Godel structure. Later, linear systems over more general structures of truth values were 
investigated, including those over complete residuated lattices (cf., e.g., Ii9l. [l7l.l2^ 33l- 361). 



More complex non-linear systems of fuzzy relation inequalities and equations, called weakly linear, have 
been recently introduced and studied in (2^. Basically, weakly linear systems discussed in l26l] consist of 
inequalities and equations of the form Vi o U x U o V, and U ^W, where V, (f e J) and W are given fuzzy 
relations on a set A, U is an unknown fuzzy relation on A, o denotes the composition of fuzzy relations, and 
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X is one of ^, > and =. Besides, these systems can also include additional inequalities and equations of the 
form y, o X o Vi and ^ W, where Lf"^ denotes the converse (inverse, transpose) relation. Such 
weakly linear systems, which include only fuzzy relations on a single set, are called homogeneous. 

It has been proved in ll26ll that each homogeneous weakly linear system, with a complete residuated 
lattice as the underlying structure of truth values, has the greatest solution, and an algorithm has been 
provided for computing this greatest solution. This algorithm is based on the computing of the greatest 
post-fixed point, contained in a given fuzzy relation, of an isotone function on the lattice of fuzzy relations, 
and works whenever the underlying complete residuated lattice is locally finite, for example, when dealing 
with Boolean and Godel structure. Otherwise, some sufficient conditions under which the algorithm works 
have been determined. The mentioned algorithm is iterative, and each its single step can be viewed as 
solving a particular linear system, and for this reason these systems were called weakly linear. 

In this paper we introduce and study heterogeneous weakly linear systems of fuzzy relation inequalities 
and equations, which are composed of fuzzy relations on two possible different sets, and an unknown is a 
fuzzy relation between these two sets. Namely, if V, and W, (z e I) are respectively given fuzzy relations on 
non-empty sets A and B, Z is a given fuzzy relation between A and B, and Lf is an unknown fuzzy relation 
between A and B, by a heterogeneous weakly linear system we mean two systems consisting of inequalities 
of the form o y, < W, o JJ"^, Lf < Z, and V, o LI < U o W„ !i < Z, as well as four systems obtained by 
combinations of these two systems (for U and U~^). 

Our main results are the following. We prove that every heterogeneous weakly linear system has the 
greatest solution (cf. Theorem l4.4l l. Then we define isotone and image-localized functions c/)''' {i - 1, . . . , 6) on 
the lattice of fuzzy relations between A and B such that each of the six heterogeneous weakly linear systems 
can be represented in an equivalent form U < (p^'^{U), U < Z (cf. Theorem l4.5l l. Such representation enables 
us to reduce the problem of computing the greatest solution to a heterogeneous weakly linear system to the 
problem of computing the greatest post-fixed point, contained in the fuzzy relation Z, of the function (p^'\ 
For this purpose we use the iterative method developed in j^^, adapted to the heterogeneous case. We also 
show how the procedure can be modified to compute the greatest crisp solution of the system. After that, we 
introduce the concept of the quotient fuzzy relational system with respect to a fuzzy equivalence, and we 
proved several theorems analogous to the well-known homomorphism, isomorphisms and correspondence 
theorems from universal algebra (cf . Theorems l6 . lM63] l . Using this concept we establish natural relationships 
between solutions to heterogeneous and homogeneous weakly linear systems (cf. Theorems I7.21f7!4l l . 

The structure of the paper is as follows. In Section |2] we give definitions of basic notions and notation 
concerning fuzzy sets and relations, and in Section|3]we recall some notions, notation and results from j^, 
concerning uniform fuzzy relations and related concepts. After that, in Section|4]we recall the definitions of 
homogeneous weakly linear systems, and then define the heterogeneous ones and prove their fimdamental 
properties. Section |5] presents an adaptation of the method developed in [26] for computing the greatest 
solution to a heterogeneous weakly linear system. In Section|6]we discuss quotient fuzzy relational systems 
and their main properties, and in Section[7]we study relationships between solutions to heterogeneous and 
homogeneous weakly linear systems. Finally, Section |8] shows some applications of weakly linear systems 
in the theory of fuzzy automata and social network analysis. 

It is worth noting that weakly linear systems originate from the theory of fuzzy automata. Solutions to 
homogeneous weakly linear systems have been used in fl?, Ts", '42*] for reduction of the number of states, 
and solutions to the heterogeneous systems have been used in 1,10^ ,11,1 in the study of simulations and 
bisimulations between fuzzy automata. 



2. Preliminaries 

The terminology and basic notions in this section are according to 

We will use complete residuated lattices as the structures of membership (truth) values. Residuated 
lattices are a very general algebraic structure and generalize many algebras with very important applications 
(see for example |ll,|2.[2^[23])- A residuated lattice is an algebra X = (L, A, V, ®, 0, 1) such that 

(LI) (L, A, V, 0, 1) is a lattice with the least element and the greatest element 1, 



2 



(L2) (L, ®, 1) is a commutative monoid with the unit 1, 

(L3) <8) and form an adjoint pair, i.e., they satisfy the adjunction property: for all x,y,z e L, 



X(8>l/<ZOX<l/— >z. (1) 

If, in addition, (L, A, V, 0, 1) is a complete lattice, then X is called a complete residuated lattice. Emphasizing 
their monoidal structure, in some sources residuated lattices are called integral, commutative, residuated 
^-monoids |25]. 

The operations ® (called multiplication) and — > (called residuum) are intended for modeling the con- 
junction and implication of the corresponding logical calculus, and supremum (V) and infimum (/\) are 
intended for modeling of the existential and general quantifier, respectively. An operation defined by 

X ^ y ^ {x ^ y) A{y ^ x), (2) 

called biresiduum (or biimplication), is used for modeling the equivalence of truth values. 

The most studied and applied structures of truth values, defined on the real unit interval [0, 1] with 
X A y = mm{x, y) and x\/ y = max(a:, y), are the Lukasiewicz structure (where x ®y = max(x + y - 1, 0), 
X ^ y = min(l - x + y, 1)), the Goguen (product) structure {x0y = x-y, x^y = lifx^y, and = y/x 
otherwise), and the Godel structure {x®y = min(x, y), x — > y = 1 if x < y, and = y otherwise). More generally, 
an algebra ([0, 1], A, V, ®, 0, 1) is a complete residuated lattice if and only if ® is a left-continuous t-norm 
and the residuum is defined by x ^ y = Vl" ^ [0/ 1] I m ® x < y) (cf. |j2j]). Another important set of truth 
values is the set (aq, fli, . . . , fl„}, = aq < • • ■ < = 1, with a^^ai = flmax(Jc+(-«,o) and at ^ at = flmin(n-it+;,«)- 
A special case of the latter algebras is the two-element Boolean algebra of classical logic with the support 
{0, 1). The only adjoint pair on the two-element Boolean algebra consists of the classical conjunction and 
implication operations. This structure of truth values we call the Boolean structure. A residuated lattice X 
satisfying x®y = xAyis called a Heyting algebra, whereas a Heyting algebra satisfying the prelinearity 
axiom (x ^ y) V (y ^ x) = 1 is called a Godel algebra. If any finitelly generated subalgebra of a residuated 
lattice X is finite, then X is called locally finite. For example, every Godel algebra, and hence, the Godel 
structure, is locally finite, whereas the product structure is not locally finite. 

If X is a complete residuated lattice, then for all x, y, z e L and any {y,)/e7 £ L the following holds: 

X < y implies x ® z < y ® z, (3) 
X < y « X ^ y = 1, (4) 

X® Yy, = Y(x®y,), (5) 

i€l /el 

x®/\y,</\(x®y,), (6) 

i€l iel 

For other properties of complete residuated lattices we refer to ||1|, 

In the further text X will be a complete residuated lattice. A fuzzy subset of a set A over X, or simply a 
fuzzy subset of A, is any function from A into L. Ordinary crisp subsets of A are considered as fuzzy subsets 
of A taking membership values in the set {0, 1) c L. Let / and y be two fuzzy subsets of A. The equality of 
/ and g is defined as the usual equality of functions, i.e., / = y if and only if /(x) = g(x), for every x e A. 
The inclusion f ^ gis also defined pointwise: / < y if and only if /(x) < y(x), for every x e A. Endowed with 
this partial order the set IF (A) of all fuzzy subsets of A forms a complete residuated lattice, in which the 
meet (intersection) A/e// and the join (union) V/e; // of an arbitrary family {//|,e; of fuzzy subsets of A are 
functions from A into L defined by 



f 



( 



A f' = A V ^ = V 



le/ 



V /e/ 



/el 



and the product / <8> y is a fuzzy subset defined by / <8> y(x) = /(x) ® g{x), for every x e A. 
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Let A and B be non-empty sets. A fuzzy relation between sets A and B (or a fuzzy relation from A to B) is any 
function from AxB into L, that is to say, any fuzzy subset of A X B, and the equality, inclusion (ordering), 
joins and meets of fuzzy relations are defined as for fuzzy sets. In particular, a fuzzy relation on a set A is any 
function from Ax A into L, i.e., any fuzzy subset of A x A. The set of all fuzzy relations from A to B will 
be denoted by '??(A, B), and the set of all fuzzy relations on a set A will be denoted by '??(A). The converse 
(in some sources called inverse or transpose) of a fuzzy relation R e "RiA, B) is a fuzzy relation e ^^(B, A) 
defined by R~^{b, a) = R{a, b), for all a e A and b e B. A crisp relation is a fuzzy relation which takes values 
only in the set {0, 1 j, and if R is a crisp relation of A to B, then expressions "R{a, b) = 1" and "{a, b) e R" will 
have the same meaning. 

For non-empty sets A, B and C, and fuzzy relations R e ??(A, B) and S e '??(B, C), their composition Ro S 
is an fuzzy relation from '??(A, C) defined by 

(R o S){a, c) = \/ R{a, b) ® S{b, c), (7) 

i>€B 

for all fl e A and c eC.lfR and S are crisp relations, then R o S is the ordinary composition of relations, i.e., 

RoS = [{a,c) eAxC\{3beB){a,b)eR&: {b,c) e S}, 

and if R and S are functions, then R o S is an ordinary composition of functions, i.e., (R o S){a) = S(R(fl)), for 
every a e A. 

Let A, B, C and D be non-empty sets. Then for any Ri e ??(A, B), R2 e 'K(B, C) and R3 e 'K(C, D) we have 
(Ri o R2) o R3 = Ri o (R2 o R3), (8) 

and consequently, the parentheses in l|8ll can be omitted, and for Rq e 'R{A,B), Ri,R2 £ ??(B, C) and 
R3 e ??(C, D) we have that 

Ri < R2 implies R~^ < R2^, Rq o Rj < Rq o R2, and Ri o R3 < R2 o R3. (9) 
Finally, for all R, R, e 'K(A, B) (f e I) and S, S, e ??(B, C) (; e I) we have that 

(R o S)-i = o R-i, (10) 

Ro(Ys,) = Y(RoS,), (Yr,)oS = Y(R,oS), (11) 

i€l i€l i€l i€l 

(\Jr.)-' = \Jr-^. (12) 



We note that if A, B and C are finite sets of cardinality |A| = A;, |B| = m and |C| = n, then R e "^(A, B) and 
S e 'K(B, C) can be treated askxm and mxn fuzzy matrices over X, and R o S is the matrix product. 
A fuzzy relation E on a set A is 

(R) reflexive if E{a, a) = 1, for every a e A; 

(S) symmetric if E(fl, b) = £(fc, a), for all a, ?7 e A; 

(T) transitive if £(«, b) (8 E(b, c) < £(«, c), for all a,b,c e A. 

If E is reflexive and transitive, then E o E - E. A fuzzy relation on A which is reflexive, symmetric and 
transitive is called a fuzzy equivalence relation. With respect to the ordering of fuzzy relations, the set £(A) of 
all fuzzy equivalence relations on a set A is a complete lattice, in which the meet coincide with the ordinary 
intersection of fuzzy relations, but in the general case, the join in £(A) does not coincide with the ordinary 
union of fuzzy relations. 

For a fuzzy equivalence relation E on A and a e A we define a fuzzy subset E„ of A by: 

Efl(x) = E{a, x), for every x e A. 
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We call Efl an equivalence class of E determined by a. The set A/£ = {£„ | a e A j is called factor set of A with 
respectto£ (cf. [1,8]). Cardinalityof the factor set A/E, in notation ind(E), is called the index of E. The same 
notation we use for crisp equivalence relations, i.e., for an equivalence relation n on A, the related factor set 
is denoted hy A In, the equivalence class of an element a e A is denoted by Ua, and the index of n is denoted 
by ind(7T). 

The following properties of fuzzy equivalence relations will be useful in the later work. 

Lemma 2.1. Let E be a fuzzy equivalence relation on a set A and let E be its crisp part. Then E is a crisp equivalence 
relation on A, and for every a,b e A the following conditions are equivalent: 

(i) E{a,b) = 1; 

(ii) Ea - Et; 

(iii) Ea - Et; 

(iv) E{a, c) = E(b, c),for every c e A. 
Consequently, ind(£) = ind(E). 

Note that denotes the crisp equivalence class of E determined by a. 

A fuzzy equivalence relation E on a set A is called a fuzzy equality if for all x,y e A, E{x, y) - 1 implies x - y. 
In other words, E is a fuzzy equality if and only if its crisp part E is a crisp equality. For a fuzzy equivalence 
relation E on a set A, a fuzzy relation E defined on the factor set A/E by 

E(E.^, Ey) = E{x, y), 
for all X, y e A, is well-defined, and it is a fuzzy equality on A/E. 

3. Uniform fuzzy relations 

In this section we recall some notions, notation and results from j^, concerning uniform fuzzy relations 
and related concepts. 

Let A and B be non-empty sets and let E and F be fuzzy equivalence relations on A and B, respectively. 
If a fuzzy relation R e 'R{A, B) satisfies 

(EXl) R{ai, b) ® E(fli, ^2) < ^{cii, b), for all ai, ^2 e A and e B, 
then it is called extensional with respect to E, and if it satisfies 
(EX2) R{a, bi) ® F{bi, < R{a, b2), for all a e A and bi, b2 e B, 

then it is called extensional with respect to F. If R is extensional with respect to E and F, and it satisfies 

(PFF) R{a, bi) ® R{a, ^2) < F{bi, ^2), for all a e A and bi, &2 e B, 

then it is called a partial fuzzy function with respect to E and F. 

Partial fuzzy functions were introduced by Klawonn [27], and studied also by Demirci By the 

adjunction property and symmetry, conditions (EXl) and (EX2) can be also written as 

(EXr) E(fli, fl2) < R{ai, b) ^ _R(fl2, b), for all ai, fl2 e A and b e B; 

(EX2') F{bi, b2) ^ R{a, bi) ^ R{a, b2), for all a e A and bi, bi e B. 
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For any fuzzy relation R e 'R(A, B) we can define a fuzzy equivalence relation on A by 



E^(fli,fl2) = l\R{ai,b) « R{a2,b), (13) 



fceB 



for all Ui, fl2 £ A, and a fuzzy equivalence relation Eg on B by 

Elih, h2) = /\ R{a, h) « R{a, ^2), (14) 

a€A 

for all fci,^'2 £ B. They will be called fuzzy equivalence relations on A and B induced by R, and in particular, 
will be called the kernel of and Eg the co-kernel of R. According to (EXl') and (EX2'), E^ and Eg are 
the greatest fuzzy equivalence relations on A and B, respectively, such that R is extensional with respect 
to them. 

A fuzzy relation R e "RiA, B) is called just a partial fuzzy function if it is a partial fuzzy function with 
respect to E^ and Eg j^. Partial fuzzy functions were characterized in as follows: 

Theorem 3.1. Let A and B be non-empty sets and let R e '??(A, B) be a fuzzy relation. Then the following conditions 
are equivalent: 

(i) R is a partial fuzzy function; 

(ii) R~^ is a partial fuzzy function; 

(iii) o R < E^; 

(iv) R o R-i < E^; 

(v) R o R-i o R < R. 

A fuzzy relation R e 'R(A, B) is called an £.-function if for each a e A there exists e B such that R{a, b) = 1 
II16I 1, and it is called surjective if for each b e B there exists a e A such that R{a,b) = 1, i.e., if R is an 
X-function. For a surjective fuzzy relation R e 'R(A, B) we also say that it is a fuzzy relation of A onto B. If 
R is an X-function and it is surjective, i.e., if both R and R"^ are X-functions, then R is called a surjective 
£.-function. 

Let us note that a fuzzy relation R e '??(A, B) is an X-function if and only if there exists a function 
\p : A ^ B such that R{a, \p{a)) = 1, for all a e A (cf. jislllill '). A function ^ with this property we will call a 
crisp description of R, and we will denote by CR(R) the set of all such functions. 

An X-function which is a partial fuzzy function with respect to E and F is called a perfect fuzzy function 
with respect to E and F. Perfect fuzzy functions were introduced and studied by Demirci IM.[l5l] . A fuzzy 
relation R e 'R(A, B) which is a perfect fuzzy function with respect to E^ and Eg will be called just a perfect 
fuzzy function. 

Let A and B be non-empty sets and let E be a fuzzy equivalence relation on B. An ordinary function 
i/' : A B is called E-surjective if for any fo e B there exists a e A such that E(i/^(fl), fo) = 1. In other words, i/^ 
is E-surjective if and only iiip o E'^ is an ordinary surjective function of A onto B/E, where E^* : B B/E is a 
fimction given by E''(b) = E;,, for each & e B. It is clear that \p is an E-surjective fimction if and only if its image 
Imijj has a non-empty intersection with every equivalence class of the crisp equivalence relation ker(E). 

Let A and B be non-empty sets and let R e 'R{A, B) be a partial fuzzy function. If, in addition, R is a 
surjective X-function, then it will be called a uniform fuzzy relation [9]. In other words, a uniform fuzzy 
relation is a perfect fuzzy function having the additional property that it is surjective. A uniform fuzzy 
relation that is also a crisp relation is called a uniform relation. The following characterizations of uniform 
fuzzy relations provided in will be used in the further text. 

Theorem 3.2. Let A and B he non-empty sets and let R e '/?(A, B) be a fuzzy relation. Then the following conditions 
are equivalent: 
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(i) R is a uniform fuzzy relation; 

(ii) is a uniform fuzzy relation; 

(iii) R is a surjective £.-function and 

R o R-i o R = R; (15) 

(iv) R z's a surjective ^.-function and 

= R o R-i; (16) 

(v) R is a surjective £.-function and 

El = R-i o R; (17) 

(vi) R ;s an £.-function, and for all \p e CR(R), a e A and b e Bwe have that \p is El-surjective and 

R{a,b) = El{^{a),b); (18) 

(vii) R z's an £.-function, and for all \p e CR(R) and ai, a^^ A we have that ip is Eg-surjective and 

R(fll,!/.(fl2)) = E^(fll,fl2). (19) 

Corollary 3.3. lH] Let A and B be non-empty sets, and let cp e ^(A xB) be a uniform fuzzy relation. Then for all 
i/' e CR((p) and ai, a2& Awe have that 

£^(fli,fl2) = E^(./'(fli),i/'(fl2)). (20) 

Let A and B be non-empty sets. According to Theorem 13.21 a fuzzy relation R e 'R(A, B) is a uniform 
fuzzy relation if and only if its inverse relation R~^ is a uniform fuzzy relation. Moreover, by (iv) and (v) of 
Theorem l3.21 we have that the kernel of R~^ is the co-kernel of R, and conversely, the co-kernel of R~^ is the 
kernel of R, that is 

Er=El and E^ = 

The next theorem proved in ^ will be very useful in our further work. 

Theorem 3.4. Let A and B be non-empty sets, let R e "RiA, B) be a uniform fuzzy relation, let E = and F = Eg, 
and let a function R : A/E B/Fbe defined by 

R(E„) = f for anyaeA and ip e CR(R). (21) 

Then R is a well-defined function (it does not depend on the choice ofipe CR(R) and a e A), it is a bijective function 
of A/E onto B/F, and (R)-i = R^. 

4. Weakly linear systems 

Now we start with weakly linear systems of fuzzy relation inequalities and equations. First we recall 
some concepts from ll26l] . 

Let A be a non-empty set (not necessarily finite), let {V,),ez be a given family of fuzzy relations on A 
(where / is also not necessarily finite), and let W be a given fuzzy relation on A. 

In i26ll the following systems of fuzzy relation inequalities and equations have been introduced: 

LZ o y, < Vi oU (iel), LI < W; (wll-l) 

VioU^Uo V, (f el), LI < W ; {wll-2) 

UoV, = Vi o LI (iel), LI < W; {wll-3) 
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U o y, < Vi o U, Lf-i o Vi < V, o U-\ {i el), U < W, LZ"^ < W; (wll-i) 

y, o !i < LI o Vi, Vi o !J-i < o y,-, (z el), !J < W, < W; (ro/l-S) 

LI o y, = y,- o LI, !J-i o y,- = y, o !J-i (iel), U^W, W^^W; {wll-6) 

where U is an unknown fuzzy relation on A. Clearly, a fuzzy relation R e is a solution to (lzt;/l-4b (resp. 
jivll-Sl , jzvll-bl ) if and only if both R and R"^ are solutions to (resp. jzyll-li , l lif/l-3|l ), and moreover, a 

symmetric fuzzy relation is a solution to l lr^/l-4t (resp. l lif/l-5|l , iwll-6\ ) if and only if it is solution to 
(resp. izvll-2i , iwll-3i ). Clearly, if W(fli,fl2) = 1/ for all fli,fl2 £ A, then the inequality U < W becomes trivial, 
and it can be omitted. Systems iivll-li - iivll-Gi were called in flS] weakly linear. More precisely, in the present 
paper we will call them homogeneous weakly linear systems. For the sake of convenience, for each t e {1, . . . , 6}, 
system {wll-t) will be denoted by WL^"'(A, J, y„ W). If W(fli,fl2) = 1, for all fli,fl2 e A, then system {wll-t) is 
denoted simply by ]NL^-\A, I, y,). 

It has been proven in llzi l] that each of these systems has the greatest solution, and if the given fuzzy 
relation W is a fuzzy quasi-order, then the greatest solutions to to/l-lt , \wll-7i and l lr^/l-3t are also fuzzy 
quasi-orders, and if W is a fuzzy equivalence, then the greatest solutions to hvll-^ , b.vll-5\ and lla;/l-6t are 
fuzzy equivalences. In the same paper a method for computing these greatest solutions has been developed, 
and it comes down to the computing of the greatest post-fixed point, contained in a given fuzzy relation, 
of an isotone function on the lattice of fuzzy relations. 

As we have already said, the purpose of this paper is to introduce the heterogeneous weakly linear sys- 
tems, to prove that each of these heterogeneous systems also has the greatest solution (which may be empty), 
and to show that the method from [26] can be adapted to compute the greatest solutions to heterogeneous 
weakly linear systems. 

In the further text, let A and B be non-empty sets (not necessarily finite), let {y,|,g/ be a given family of 
fuzzy relations on A and { W;},g/ a given family of fuzzy relations on B (where J is also not necessarily finite), 
and let Z be a given fuzzy relation between A and B. 

We will consider systems 

!J-i o y,- < W; o LJ-i (zeJ), U<Z; 
V,oU<Uo]Ni (iel), U<Z; 

and the systems obtained by combinations of jwll-li and iwl2-2} (for LI and U~^) 



U'^ o Vi < Wi oU'^ U o Wi ^V,oU {i el), Z; (wZ2-3) 

y, o LI < LI o Wi Wi o !J-i < !J-i o y, (f el), (J ^ Z; (wZ2-4) 

V,oU=Uo Wi {i el), U< Z; {wll-5) 

U-^ oVi = WioU-^ {iel), U<:Z; {wl2-6) 



where U is an unknown fuzzy relation between A and B. Systems iwl2-li - iwl2-6i will be called heterogeneous 
weakly linear systems. For the sake of convenience, for each t e {1, . . . , 6), system {wl2-t) will be denoted by 
WL'^-'{A, B, I, Vi, W„ Z). If Z(a, b) = 1, for all a e A and b e B, then system (ivl2-t) will be denoted simply by 
WL^-iA,B,I,Vi,W,). 

In a very simple way we can prove the following two propositions. 

Proposition 4.1. Let A be a non-empty set, let {y,j,e7 be a family of fuzzy relations on A, and let W be a fuzzy 
relation on A. For an arbitrary fuzzy relation R e !R(A) the following is true: 

(a) R is a solution to WL^-^A,I, Vi, W) if and only ifR-^ is a solution to WL^-^{A,I, Vr^, W'^); 

(b) R is a solution to WL^-\A, I, y„ W) if and only ifR is a solution to WL}-^{A, I, V'^, W'^). 

Proposition 4.2. Let A and B be non-empty sets, let {y,},e/ be a family of fuzzy relations on A and { W;};e/ a family 
of fuzzy relations on B, and let Z be a fuzzy relation between A and B. For an arbitrary fuzzy relation R e 'R{A, B) 
the following is true: 
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(a;/2-l) 
(a;/2-2) 



(a) R is a solution to WL^-\A,B,I, V„ W,-,Z) if and only if it is a solution to WL^-^(A,B,I, V-\ W-\Z); 

(b) R zs a solution to WL'^-^A, B, J, V,-, W„ Z) if and only if it is a solution to WL^-^{A, B, I, V-\ W-\ Z); 

(c) R is a solution to WL^-^(A, B, I, V;, W„ Z) if and only if it is a solution to ]NL^-^{A, B, I, V'^, W"!, Z); 

(d) R zs a solution to ]NL^-^{A, B, I, Vi, W„ Z) if and only ifR-^ is a solution to ]NL^-\B, A, I, W„ V„ Z). 

The statement (a) in Proposition l4. ll says that systems {wll-1) and {wll-2) are dual,in the sense that for any 
imiversally valid statement on the system {wll-1) there is the corresponding vmiversally vahd statement on 
the system {wll-2), and vice versa. Similarly, there is a duality between systems {wll-A) and {wll-5), {wll-1) 
and {wll-1), {wl2-3) and {wll-A), and {wll-5) and {wll-6). For this reason, in the further text we will deal 
mainly with the systems {wll-1), (a;Zl-4), (wZ2-l), {wll-3) and {wl2-5). 

It is also easy to verify that the following is true. 

Proposition 4.3. Let R and S be fuzzy relations such that R is a solution to system WlJ~^{A, B, I, Vi, W;, Z) and S 
is a solution to system WL'^-^{B, C, I, W;, X,-, Y). Then Ro Sis a solution to system WL'^-^{A, C, I, V„ X,-, Z o Y). 

Now we prove the following fimdamental theorem. 

Theorem 4.4. All heterogeneous weakly linear systems have the greatest solutions (which may be empty). 

IfZ is a partial fuzzy function, then the greatest solutions to jwll-Si and \wl2-4\ are also partial fuzzy functions. 

Proof. For each i e [1, . . . ,6], it is easy to check that the join (union) of an arbitrary family of fuzzy relations 
which are solutions to the system {wll-t) is also a solution to {wl2-t), and consequently, the join of all solutions 
to {wl2-t) is the greatest solution to {wl2-t). 

Next, let Z be a partial fuzzy function and R be the greatest solution to {wll-t), where i = 3 or f = 4. Then 
R o R"i o R < Z o Z"^ o Z < Z, and by Proposition l4.3l we have that R o R~^ o R is also a solution to {wll-t). As 
R is the greatest solution to this system, we conclude that R o R~^ o R < R, which means that R is a partial 
fuzzy fimction. □ 

Next, let A and B be non-empty sets and let V e ^{A), W e 'R{B) and Z e ^{A, B). The right residual of Z 
by y is a fuzzy relation Z/ V e 'R{A, B) defined by 



for all fl e A and e B, and the left residual of Z by W is a fuzzy relation Z\ W e ^{A, B) defined by 



for all fl e A and b e B. In the case when A = B, these two concepts become the well-known concepts of right 
and left residuals of fuzzy relations on a set (cf. |26]). 

According to the well-known results by E. Sanchez (cf. |3^-[4l|]), the right residual Z/V of Z by V is the 
greatest solution to the fuzzy relation inequality V oU ^ Z, where U is an unknown fuzzy relation between 
A and B. Moreover, the set of all solutions to the inequality V o Lf < Z is the principal ideal of 'K(A, B) gene- 
rated by Z/y. Analogously, the left residual Z\W of Z by W is the greatest solution to the fuzzy relation 
inequality Lf o W < Z, where LI is an unknown fuzzy relation between A and B, and the set of all solutions 
to the inequality LI o W ^ Z is the principal ideal of ^{A, B) generated by Z\W. 

Consequently, for given families of fuzzy relations {y,},e/ c 'R{A), {W,|,6/ C •K(B), and {Z,),g/ C 'R{A,B), 
and an imknown fuzzy relation Lf in ??(A, B), the greatest solution to the system V, o Lf < Z, (z e 1) is 




(22) 




(23) 



f\zdv„ 
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i.e., the intersection of the greatest solutions to the individual inequalities Vj o U ^ Z,, i e I, and the the 
greatest solution to the system LI o W, < Z, (f e I) is 

/\ZAW„ 

(6/ 

i.e., the intersection of the greatest solutions to the individual inequalities U oWi ^ Z,, i e 1. 
Define functions (p^''> : 'R{A, B) KiA, B), for 1 < f < 6, as follows: 



c/)«(R) = /\[(W,oJ?-i)\V,]-i (24) 

(/)P)(R) = /\{RoW,)/Vi (25) 

c/)(3)(K) = /\[(W, o R-i)\y,]-i A [(y, o R)\W,] = (/,(i)(R) A [(/)(i'(R-i)]-i (26) 

(/)W(R) = ^[(R o A [(R-1 o y,)/W,]-i = (/)(''(R) A [(/)(2)(R-i)]-i (27) 

c/)(5)(R) = /y[(R o W,)/y,] A [(V, o R)\Wd = c/)P)(R) A [c/)(lHi^"')]"' (28) 

(/)(6)(R) = /\[(W/ o R-i)\y,]-i A [(R-1 o V,)/ = (p^^\R) A [(/)<^'(R-^)]-^ (29) 



for each R e ??(A,B). Notice that in the expression "(p^*\R~^)" {t e {l,2j) we denote by a function from 

■^(6, A) into itself. 

First we show that systems iwll-li - iwll-bi can be represented in equivalent forms, using the functions 
(p^^\ 1 < t ^ 6, in the following way. 

Theorem 4.5. For every t e {1, . . . , 6}, system (iv2-t) is equivalent to system 

U < (p^'\U), U^Z. (30) 

Proof. We will prove only the case t - 1. The case i = 2 is dual to the first one, whereas all other assertions 
follow by the first two, according to l l26ll - ll29ll . 

For an arbitrary fuzzy relation U e 'R{A, B) we have that o V, < W, o if and only if 

U-\b,a) (8> V,{a,a') < (W; o U-^){b,a'), 

for all a,a' e A,b e B and i e /. According to the adjunction property, this is equivalent to 

U-Hb,a) ^ /\[Vi{a,a') ^ (W, o U-\b,a'))] = ((W, o U-'^)\Vi){b,a) 

a'€A 

for all fl e A, & e B and i e /, which is further equivalent to 

U{a,b) < /\l{Wi o (J-i)\y,]-i(fl,b) = ((/)(i)(U))(fl,b) 

iel 

for all fl e A and b e B. Therefore, U is a solution to (it;Z2-l) if and only if it is a solution to S30\i . □ 



5. Computing the greatest solutions 

Here we show that the method developed in ll26ll , for computing the greatest solutions to homogeneous 
weakly linear systems of fuzzy relation inequalities, can be adapted and used for computing the greatest so- 
lutions to heterogeneous weakly linear systems. The mentioned method is based on computing the greatest 
post-fixed points of an isotone function on the lattice of fuzzy relations. 



10 



Let A and B be non-empty sets and let : '??(A, B) "RiA, B) be an isotone function, which means that 
R < S implies (\>{¥) < (j^(S), for all R, S e '??(A, B). A fuzzy relation R e B) is called a post-fixed point of 
(|) if R < <^(R)- The well-known Knaster-Tarski fixed point theorem (stated and proved in a more general 
context, for complete lattices) asserts that the set of all post-fixed points of (p form a complete lattice (cf . iIstI] ). 
Moreover, for any fuzzy relation Z e "RiA, B) we have that the set of all post-fixed points of (p contained in 
Z is non-empty, because it always contains the least element of ??(A, B) (the empty relation), and it is also a 
complete lattice. According to Theorem l4.5[ our main task is to find an effective procedure for computing 
the greatest post-fixed point of the function t^^'' contained in the given fuzzy relation Z, for each t e {1, . . . , 6}. 

Let (p : ^{A, B) 'K(A, B) be an isotone function and Z e 'RiA, B). We define a sequence {RtljceN of fuzzy 
relations from !??(A, B) by 

Ri = Z, R/c+i = R/c A (p{Rk), for each A: e N. (31) 

The sequence {Ri IteN is obviously descending. If we denote by R the greatest post-fixed point of (p contained 
in Z, we can easily verify that 

R</\Rk- (32) 

A:eN 

Now two very important questions arise. First, under what conditions the equality holds in l|32] |? Even 
more important question is: under what conditions the sequence {RitljreN is finite? If this sequence is finite, 
then it is not hard to show that there exists fc e N such that Rjt = Rm, for every m'^k, i.e., there exists A: e N 
such that the sequence stabilizes on Rjt. We can recognize that the sequence has stabilized when we find the 
smallest A; e N such that R)t = Rk+\ ■ Iri this case R = R^, and we have an algorithm which computes R in a 
finite number of steps. 

Some conditions under which equality holds in l l32ll or the sequence is finite were found in [26], in the 
case which considers fuzzy relations on a single set. It is not hard to verify that the same results are also 
valid when fuzzy relations between two sets are considered. For the sake of completeness we state these 
results concerning fuzzy relations between two sets. 

A sequence {RjrlteN of fuzzy relations from ??(A, B) is called image-finite if the set UteN Irn(Ki:) is finite, and 
it can be easily shown that this sequence is image-finite if and only if it is finite. Furthermore, the function 
(p : "RiA, B) 'K(A, B) is called image-localized if there exists a finite subset K QL such that for every fuzzy 
relation R e '^(A, B) we have 

Im((/)(R)) c U Im(R)), (33) 

where {K U Im(R)) denotes the subalgebra of X. generated by the set K U Im(R). Such K will be called a 
localization set of the function (p. 

The following theorem can be proved in the same way as Theorem 5.2 in flill . 



Theorem 5.1. Let the function (p he image-localized, let K be its localization set, let Z e 'R{A,B), and let {Rk}keN i>£ 
a sequence of fuzzy relations in 'R{A,B) defined by ^31) . Then 

|Jlm(ROc<XUlm(Z)). (34) 

it€N 

If, moreover, (K U Im(Z)) is a finite subalgebra of then the sequence {RfclteN is finite. 

Further we consider (p^^\ for t & [1, ... ,6], defined in (|24] l-ll29ll. We prove the following. 

Theorem 5.2. All functions cp'-'Kfor t e {1, ... ,6], are isotone, and if A, B and I are finite sets, then all these functions 
are image-localized. 
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Proof. We will prove only the statement concerning the function (p^'^h The validity of the statement concern- 
ing the function (^^^' then follows because of duality with the first one, whereas all other statements follow 
by the first two, according to ll26t- ll29] l. 

Let Ri, R2 G '^(^/ B) such that Kj < R2, and consider the following systems of fuzzy relation inequalities: 

U'^ o V, < W, o R-\ i e I; (35) 
iJ-i o Vi < W, o R-\ i e /, (36) 

where U is an unknown fuzzy relation between A and B. As we mentioned earlier, fuzzy relations 
c/)(i)(Ri) = /\[(W, o R-i)\y,]-i and (P^'\R2) = /\[(W, o R-^)\V,]-' 

are respectively the greatest solutions to ||35] | and (l36l l, and by Ri < R2 it follows W, o R~^ < W, o R~^, for 
each z e I, so every solution to (|35] | is a solution to ll36l l. Consequently, (|)'^^(Ri) is a solution to (|36] |, which 
means that c^*'^'(Ri) < (|)^^-'(R2). Therefore, (p^^'' is an isotone function. 

If A, B and / are finite sets, then the set K = \Jj^j{lm{Vi) U lm( W,)) is also finite, and for each R e 'R(A, B) 
we obviously have that lm{(p^^\R)) c (X |J lm(R)). This means that the function (|)'^^ is image-localized. □ 

Now we are ready to state and prove one of the main theorems of the paper. 

Theorem 5.3. Let A, B and I be finite sets, let cp = cp'-^^for some t e {1, . . .,6), and let {Rk}k€n ths sequence of 
fuzzy relations from K{A, B) defined by l l3l]| . 

7f (lm(Z) U U;ei( Iiri(y,) U lm(W,) )) is a finite subalgebra of X., then the following is true: 

(a) the sequence {R/tlieN is finite and descending, and there is the least natural number k such that R^ = Ryt+i; 

(b) Rjt is the greatest solution to system (wl2-t). 

Proof Let (Im(Z) U U,e;( Im(y,) U Im(W,) )) be a finite subalgebra of £. 

(a) According to Theorems l5.2l and l5m the sequence {Rk]k€N is finite and descending, so there are k,m e'N 
such that Rk - Rk+mr whence Rk+i K Rk - Rk+m ^ R/c+i- Thus, there is fc e N such that Rk = R/c+i, and conse- 
quently, there is the least natural number having this property. 

(b) Let k be the least natural number such that Rk = Rk+i - It is clear that Rk < Z. Moreover, we have that 
Rk - Rk+i ^ (p^^H^k)> and according Theorem l4.5l we obtain that R;^ is a solution to the system {iul2-t). 

Let R be an arbitrary solution to the system {ivl2-t). First, we have that R ^ Z = Ri. Next, suppose that 
R < R,„, for some m e N. Then R < cp^'^R^) < (p^'\R„), so R ^ R„, A (p^'^Rm) = R„,+i. Therefore, by induction 
we conclude that R < R„,, for every m e N, and consequently, R < R^. Hence, we have proved that R;^ is the 
greatest solution to the system (ri'Z2-t). □ 

Next, we will consider the case when X - (L, A, V, ®, 0, 1) is a complete residuated lattice satisfying 
the following conditions: 



i€l iel 

(f\y,) = f\{x^yi)r (38) 



X 

iel iel 



for all X e L and {i/,j,ez £ L. Let us note that if X = ([0, 1], A, V, ®, 0, 1), where [0, 1] is the real unit interval 
and ® is a left-continuous t-norm on [0, 1], then (l37t follows immediately by linearity of and X satisfies 
(|38|l if and only if 18) is a continuous t-norm, i.e., if and only if X is a BL-algebra (cf . jUS])- Therefore, conditions 
l|37|l and l|38] | hold for every BL-algebra on the real unit interval. In particular, the Lukasiewicz, Goguen 
(product) and Godel structures fulfill ll37b and l l38ll . 
Under these conditions we have the following. 
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Theorem 5.4. Let (p = <p'^'\for some t e {1, . . . ,6],let {Rk]k€K be the sequence of fuzzy relations from ??(A, B) defined 
by (|37T |, and let £.be a complete residuated lattice satisfying (l37t and (l3g] |. 
Then the fuzzy relation 



R = f\Rk, 

;c6]N 



is the greatest solution to system (wl2-t). 

Proof. We will prove only the case t = 1. All other cases can be proved similarly. 

First we recall a claim proved in jisll , which says that if l l37b is satisfied, then for all descending sequences 
(^JclteN, iyjclteN £ L we have 

/\(x,vy,) = (/\x,)v(/\y,). (39) 

teN teN teN 

Now, for arbitrary i e I,a e A and b e B we have that 



/\(W, oR-i) = f\{W,oR-^){b,a) = /\[\/ W,{b,b')^R-\b',a)\ 

teN ' teN keK^b'eB ' 

= \/l/\mb,h')®R-Hb',a)\ (hym) 
= \/l W,{b, b')®(/\ R-,Hb',a)\\ (by ®) 

b'€B^ k€K ' 

Wi{b,b')®R-\b',a)^ = (W; o R-'^){b,a), 



which means that 

/\ W, oR-i = W, oR-i, 

teN 

for every i e 1. The use of condition ll39ll is justified by the facts that B is finite, and that {R^^(t'',fl)|/ceN is a 
descending sequence, so {W,(&, b') is R'j^^{b' ,a)]km is also a descending sequence. 
Next, for all i e I and fc e N we have that 

R ^ Rk^, < c/)(«(R,) = [(W, o R-i)\y,]-i, 
which is equivalent to 

R-i o y, ^ W, oR-i. 

As the last inequality holds for every e N, we have that 

R-l o y, < y\ W, o R-l = W, o R-1, 
ic€N 

for every f e 7. Therefore, R is solution to (iwZ2-l). 

Let S e !??(A, B) be an arbitrary fuzzy relation which is solution to (if/2-1). According to Theorem 14. 5[ 
S < c/)(i'(S) and S < Z = Ri. By induction we can easily prove that S < R^ for every k e N, and therefore, 
S < R. This means that R is the greatest solution to {zvl2-l). □ 
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In some situations we do not need solutions to systems of fuzzy relation equations and inequalities that 
are fuzzy relations, but those that are ordinary crisp relations. Moreover, in cases where our algorithms for 
computing the greatest solutions to weakly linear systems fail to terminate in a finite number of steps, it is 
reasonable to search for the greatest crisp solutions to these systems. They can be understood as some kind 
of "approximations" of the greatest fuzzy solutions. It has been shown in [26] that algorithms for computing 
the greatest fuzzy solutions to homogeneous weakly linear systems can be modified to compute the greatest 
crisp solutions to these systems. Exactly the same way of modification is also applicable to heterogeneous 
weakly linear systems. Nevertheless, for the sake of completeness, we will present the method for computing 
the greatest solutions to heterogeneous weakly linear systems. 

Let A and B be non-empty finite sets, and let 'R'^(A, B) be the set of all crisp relations from %{A, B). It is easy 
to verify that f^{A, B) is a complete sublattice of B), i.e., the meet and the join in B) of an arbitrary 
family of crisp relations from f^(A, B) are also crisp relations (in fact, they coincide with the ordinary inter- 
section and union of crisp relations). Moreover, for any fuzzy relation R e ??(A, B) we have that e 'Rr{A, B), 
where W denotes the crzsp pari of a fuzzy relation R (in some sources called the kernel of R), i.e., a function 
R-^ : A X B ^ {0, 1} defined by W{a, V) = 1, if R{a, b) = 1, and R'{a, b) = 0, if R{a, b) < 1, for all a e A and beB. 
Equivalently, R'^ is considered as an ordinary crisp relation between A and B given hy R'^ = {{a,b) & A x B \ 
R{a,b) = l]. 

For each function (p : n{A, B) ^ "^(A, B) we define a function cp'' : K{A, B) K{A, B) by 



(f{R) = {(p{R)y, for any R e «'^(A, B). 

If (p is isotone, then it can be easily shown that ( 
We have that the following is true. 



is also an isotone function. 



Proposition 5.5. Let A and B be non-empty finite sets, let (p : 'R{A,B) —> 'R{A,B) be an isotone function and let 
W e '/?(A, B) be a given fuzzy relation. A crisp relation q e 'R'^{A,B) is the greatest crisp solution in 'R{A,B) to the 
system 



U < <p{U), U < W, 

if and only if it is the greatest solution in 'R:{A, B) to the system 

i < <ff{i), S, < W, 

where U is an unknown fuzzy relation and £, is an unknown crisp relation. 
Furthermore, a sequence [QkikeK £ "^(A, B) defined by 

Qi = W^, Qk+1 = Qk ^ (p'^iOk), for every e N, 



(40) 



(41) 



(42) 



is a finite descending sequence of crisp relations, and the least member of this sequence is the greatest solution to the 
system ^ in K^iA, B). 

Taking (p to be any of the functions (p^'^\ for f e {1, . . . , 6j, Proposition 15.51 gives algorithms for computing 
the greatest crisp solutions to heterogeneous weakly linear systems. As we have seen in Proposition l5.5l these 
algorithms always terminate in a finite number of steps, independently of the properties of the underlying 
structure of truth values, and they could be used in cases when algorithms for computing the greatest fuzzy 
solutions do not terminate in a finite number of steps. However, the next example shows that there are cases 
when heterogeneous weakly linear systems have non-empty fuzzy solutions, but they do not have non- 
empty crisp solutions. 

Example 5.6. Let £. be the Godel structure, let A and B be sets with |A| = 3 and |B| = 2, and let fuzzy 
relations Vi, V2 e '??(A), Wi, W2 e "RiB), and Z e '??(A, B) be represented by the following fuzzy matrices: 



1 

0.5 
0.4 



0.3 
1 

0.6 



0.4' 
0.3 
0.7 



0.5 
0.6 
0.7 



0.6 
0.3 
0.7 



0.2' 
0.4 
1 



1 

0.6 



0.6 
0.7 



0.6 
0.7 



0.6 
1 



1 1 
1 1 
1 1 
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Using algorithms based on Theorem l5.3l we obtain that the greatest solutions to {iul2-l)-{wl2-6) are respec- 
tively given by the fuzzy matrices 





" 1 


0.7" 




' 1 


0.7" 




" 1 


0.6" 




" 1 


0.7" 




" 1 


0.6" 




" 1 


0.7" 




1 


0.7 




1 


0.7 


, RP) ^ 


1 


0.6 


, R(4) = 


1 


0.7 


, R(5) = 


1 


0.6 


, R(^) = 


1 


0.7 




0.6 


1 




0.7 


1 




0.6 


1 




0.7 


1 




0.7 


1 




0.6 


1 



On the other hand, using the algorithms for computing the greatest crisp solutions, we obtain that there are no 
non-empty crisp solutions to {wl2-l)- {wl2-6). 

It is worth noting that functions {(p^'^^'Y, for alH e {1, . . . , 6}, can be characterized as follows: 

{a,b) e {(p^^^y(Q) <^ (Vz e I){Wa' e A) Vi{a,a') < (W, o Q-^){h,a'), 
{a, h) e <^ (Vi e I)(Vfl' e A) Vi{a' , a)<{Qo 

for all Q e B), a e A and |7 e B. 

6. Quotient fuzzy relational systems 

Loosely speaking, a relational system is a pair (A, consisting of a non-empty set A and a non-empty 
family 'R of finitary relations on A which may have different arities. Two relational systems (A, 'Ri) and (B, 
are considered to be of the same type if a bijective function between 'Ri and 'R2 is given that preserves arity. 
When we deal only with binary relations, then relational systems (A, Ri) and (B, R.2) are of the same type if 
"Ri and 'R2 can be written as "Ri = { V/l/e/ and R2 = { W,},ej, for some non-empty index set I. In this case, the 
bijective function that we have mentioned above is just the function that maps Vi to W,, for each i e I. 

Here we consider relational systems in the fuzzy context, and we work only with binary fuzzy relations. 
We define a fuzzy relational system as a pair - (A, { K|,ei)/ where A is a non-empty set and {V,)/e7 is a non- 
empty family of fuzzy relations on A, and by fuzzy relational systems of the same type we will mean systems 
of the form = (A, { V;);^/) and S = (B, { W,j,g7). To avoid writing multiple indices, the fuzzy relational system 
^ = (A, jV,),ez) "will be sometimes denoted by ^ - {A, I, Vi). All fuzzy relational systems discussed in the 
sequel will be of the same type. 

Let = {A, I, Vi) and S = {B,I, W,) be two fuzzy relational systems. A function cp : A —> B is called an 
isomorphism if it is bijective and ^2) = V\li{(f}{ai), (p{a2)), for all flj, ^2 £ ^ and / e /. 

Let J?l - (A,/, Vi) be a fuzzy relational system and let E be a fuzzy equivalence on A. For each / e I, 
define a fuzzy relation vf^^ on the quotient (factor) set A/E as follows: 

vf\E„„E„,) = (E o V, o E)(fli,fl2), (43) 
for all fli, fl2 G ^- The right side of ||43] | can be equivalently written as 

(Eoy, oE)(fli,fl2)= V E{ai,a\)®V,{a\,a'2)^E{a'2,a2) = Ea,oVioEa„ 

and for all a\,a2, flj, ^2 ^ A such that Ehj = E^; and E^^ = Ea^ we have that (E o V; o E)(ai, fl2) = (E o y, o E){a'ya'^. 

Therefore, the fuzzy relation V^^^ is well-defined, and JTI/E = (A/7, 1, V^''^) is a fuzzy relational system 
of the same type as which is called the quotient {ox factor) fuzzy relational system of with respect to the 
fuzzy equivalence E. 

Note that this concept of quotient fuzzy relational system emerges from the theory of fuzzy automata, 
namely, it originates from the concept of a factor (quotient) fuzzy automaton. Factor fuzzy automata were 
introduced in ll2L[l3i] , where they were used to reduce the number of states of fuzzy automata. We will see in 
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Section |8] that quotient (fuzzy) relational systems can be also used to reduce the number of nodes of a 
(fuzzy) network, while keeping the basic structure of the network. It is also worth noting that quotient crisp 
relational systems have been recently defined in the same way in [6]. 

The following theorem can be conceived as an analogue of the well-known theorems of universal algebra 
which establish correspondences between functions and equivalence relations, as well as between homo- 
morphisms and congruences (cf. [4, §2.6]). 

Theorem 6.1. Let = {A, I, V,) be a fuzzy relational system, E a fuzzy equivalence on A, and J{ = {A/E,I, vf^^) 
the quotient fuzzy relational system of J{ with respect to E. 
Then a fuzzy relation E^ e K{A,AIE) defined by 

E^(fli, £„,) = E(fli, fl2), for all ai, ai e A, (44) 

is a uniform F-function whose kernel is E. 

Moreover, E^ is a solution both to ]NL^-\A,AIE,1, V,-, Vf'^) and WL^-^{A,A/E,I, V„ vf'^). 

Proof. According to Theorem 7.1 [9], E^ is a uniform f-function of A onto A/E and its kernel is E. 
Next, for the sake of simplicity set E^ = R. Then for all / e I and fli, fl2 ^ A we have that 

(R-i o Vi){E„„a2) = y R-\Ea„a3) ® V,(fl3,fl2) = \/ E(fli,fl3) ® V,(fl3,fl2) = (E o Vi)iai,a2) 

a^eA a^eA 

< (E o Vi o E)(fli,fl2) = (E o y, o E o E)(fli,fl2) ~ (E o V; o E)(fli,fl4) ® E(fl4,fl2) (45) 

fl4€A 

= Y yf/^(E„,,E„J®R-i(E„„fl2) = {Vf'^oR-^){E„^,a2), 

a^eA 

SO R = E^ is a solution to the system WL'^-'^{A,A/E,I, V„ vf^^), and also, 

(V/oR)(fli,E„J = Y y,(fli,fl3)®R(a3,E«J= Y ^'■(fli,fl3)®E(fl3,fl2) = (V, °E)(fli,fl2) 

fl3€A a^eA 

< (E o Vi o E)(fli,fl2) = (E o E o y, o E)(fli,fl2) ~ Y E(fll/fl4) ® (E o Vi o E)(fl4,fl2) (45) 

fl4eA 

= Y Ri^i'^aJ ® Vf^^(E„„E„,) = (R o vf/^)(fli,E„J, 

046 A 

and hence, R = E'' is a solution to the system WL^-^ (A, A/E, Z, y,-, ^^) . □ 
We also have the following. 

Theorem 6.2. Let Jl = {A, I, Vi) be a fuzzy relational system, E a fuzzy equivalence on A, and J{ = {A/E, I, vf^^) 
the quotient fuzzy relational system of^ with respect to E. Then the following conditions are equivalent: 

(i) E is a solution to ]NU-\A,I, Vi); 

(ii) E^ is a solution to ]NL^-^{A,AIE,I, Vi, Vf'^); 

(iii) E^ is a solution to WL^'^{A,A/E,1, Vi, Vf'% 

Proof (i)«(ii). By TheoremOl R = E*" isasolution to WL2-3(A,A/E,I,y„ yf^^)if and onlyifRoVf/^ < y,oR, 
and according to ll46ll , this is valid if and only if E o y, o E < Vi o E. On the other hand, since E o y, < E o y, o E 
and E oE = E, we have that E o y, o E < y, o E is equivalent to E o y, < y, o E. Since E is symmetric, we have 
that it is a solution to WL^"*(A,I, Vi). Hence, (i)<=>(ii) is true. 
In the same way we prove that (i)o(iii). □ 
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The next theorem can be conceived as an analogue of the well-known Second Isomorphism Theorem 
from universal algebra (cf. (i, § 2.6]). 

Theorem 6.3. Let J{ = {A, I, V,) be a fuzzy relational system, let E and F be fuzzy equivalences on A such that E < F, 
and let ^/E - {A/E,I, vf^^) be the quotient fuzzy relational system ofM with respect to E. Then a fuzzy relation 
F/E on A/E defined by 

F/E{Ea„ Ea,) = f (fli, fl2), for all ai, a2 e A, (47) 

is a fuzzy equivalence on A/E, and the quotient fuzzy relational systems {Jl/E)/{F/E) and Jl/F are isomorphic. 

Proof. First we note that F/E is a well-defined fuzzy relation. Indeed, if ai, a'^, a2, a'^ e A such that E„^ = Ej,; 
and Ea^ = Ea'^, then E{ai,a'^) = 1 = E{a2,a'^, so F{ai,a'^) = 1 = F{a2,a'^), and hence, F/E{Ea^,Ea'^) = FIE{Ea^,Ea'^). 
It is easy to verify that F/E is a fuzzy equivalence. 

For the sake of simplicity set Q = F/E, and define a function cp : A/G (A/E)/Q by (p{Fa) = Qe^, for 
each a e A. For arbitrary fli, a2& A we have that 

F„, =F„, « F(fli,fl2) = l « F/E(E„,,E„J = 1 « Q(E„,,E„J = 1 « Qe,, = Qe„,, 

and thus, (p is a well-defined and injective function. It is also clear that (p is a surjective function. 
Furthermore, E < F yields FoE-EoF = F, and for arbitrary fli, a2 ^ A and e I we have that 

V(^^'^^Q(C/)(F„J,(/)(F„J) = V<^^^'/Q(Qe„^,QeJ = (Q ° Vf^^ o Q)(E„„E„,) 
= V Q(E„„E„3)®yf^^(E„3,E„J®Q(E„„E„,) 

= \y F(ai,as) O (£ o Vj o E){as,a4)<S)F{a4,a2) 

^{FoEoVioEo F)(fli,fl2) = (F o y, o F)(fli,fl2) = yf^'^(F„,,F„J, 

so we have proved that cp is an isomorphism of fuzzy relational systems (J?1/E)/(F/ E) and JH/F. □ 

We also prove an analogue of the Correspondence Theorem from universal algebra (cf. [4, §2.6]). 

Theorem 6.4. Let J{ = {A, I, Vj) be a fuzzy relational system and let E be fuzzy equivalence on A. 
The function O : 6e{A) £{A/E), where 6e = {F e S{A) | E c F}, defined by 

0{F) = F/E, for all F e 6e{A), (48) 
is an order embedding o/£e(^) into S{A/E), i.e., 

F<G « cD(F) < <1)(G), forallF,Ge&E{A). (49) 

Proof. For arbitrary F, G e &e{A) we have that 

F ^ G « (Vfli, fl2 e A) F{ai, a2) < G{ai, ^2) 

« (Vfli,fl2eA)0(F)(E„,,E«,)<0(G)(E„,,E«,) « <1)(F) < 0(G), 

and hence, O is an order embedding of &e{A) into &{A/E). □ 

It is worth noting that in the case of Boolean (crisp) relational systems O is also surjective, which means 
that it is an order isomorphism, and equivalently, a lattice isomorphism of &e{A) into £(A/E). In the case of 
fuzzy relational systems we are not able to prove that fact, but this is not so important because in practice 
we usually use just the fact that O is an order embedding. 

The following theorem will be also very useful in our further work. 
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Theorem 6.5. Let J?I - (A, I, V,) be a fuzzy relational system, let E and F be fuzzy equivalences on A such that E < F, 
and let ^/E = {A/E,I, V^^^) be the quotient fuzzy relational system of J{ with respect to E. 
A fuzzy relation Fe £ 'R(A,A/E) defined by 

FE(fli,E„J = f(fli,fl2)/ for all ai,a2 e A, (50) 

is a uniform fuzzy relation with the kernel F and the co-kernel F/E. 

In addition, ifE is a solution to WL^'^{A,1, 1/,, W),for some W e then the following is true: 

(a) F is a solution to ]NL^-\A,l, Vi, W) if and only if F/E is a solution to V^L^-\AIE,l, Vf'^, W/E). 

(b) F is the greatest solution to system V\[L^~'''{A,l,Vi,]N) if and only if F/E is the greatest solution to system 
WL^-^{A/E,I,Vf'^,W/E). 

(c) F is a solution to WL^'^A,!, Vi, W) if and only /f Fe is a solution to ]NL^-\A,A/E,l, V„ Vf'^, We). 

Proof. For the sake of simphcity set Fe = G. For arbitrary a\,a2 e A we can easily check that 

(GoG"^ oG)(fli,E„J = (FoF"^ oF)(fli,fl2) = F(fli,fl2) = G{ai,Ea^), 

(G o G"^)(fli,fl2) = (F o F"^)(fli,fl2) = F(fli,fl2), 

(G-i o G)(E„,,E„J = (F-i oF)(fli,fl2) = F(fli,fl2) = F/EiE„^,E„J, 

which means that G o G-i o G = G, G o G-i = F and G'^ o G = F/E. Therefore, G is a miiform fuzzy relation 
with the kernel F and the co-kernel F/E. 

Next, let E be a solution to WL'^-\A,I, V,)- 

(a) According to Theorem l6.41 F < W if and only if F/E < W/E. Furthermore, since E < F is equivalent to 
EoF = FoE = F, for arbitrary a\, a2 & A and i e / we have that 

(F/E) o Vf'^{Ea„Ea,) = (F o E o V, o E)(fli,fl2) = (F o V, o E)(fli,fl2), 

yf/^ o iF/E){E„„E„,) = (E o y, o E o F)(fli,fl2) = (E o y, o F)(fli,fl2), 

and as F/E is symmetric, then it is a solution to WL^'*(A/E, Z, V^^^, W/E) if and only if 

F o y, o E < E o y, o F, F < W (51) 

for each i e /. Therefore, it remains to prove that F is a solution to WL^"*(A, /, y„ W) if and only if lISTI l holds. 
Bearing in mind that E is a solution to WL^'^{A,I, y„ W), if F is also a solution to this system, then F < W 
and F o y, o E < y, o F o E = y, o F and E o y,- o F < y,- o E o F = y, o F, so we have that ifSTI l is true. Conversely, 
let l|5lll hold. Then 

F o y, < F o y, o E < E o y, o F < y, o E o F = y, o F, 

for each i e I, which means that F is a solution to WL^-^ (A, I, Vi, W). 

(b) Let F be the greatest solution to the system WL^"*(A, I, Vi, W). Assume that Q is the greatest solution 
to WL'^-^{A/E, I, Vf'^, W/E), and define a fuzzy relation G on A as follows: 

G(fli, fl2) = Q(E«i, Ea^), for all ai, a2 e A. 

It is easy to check that G is a fuzzy equivalence on A. According to the assertion (a) of this theorem, E/E is 
a solution to YJL^-'^{A/E, I, Vf'^, W/E), so E/E < Q. Now, for arbitrary ai, ^2 e A we have that 

E(fli,fl2) = E/E{Ea^,Ea^) < Q(E„^,E„^) = G(fli,fl2), 

which means that E < G, and consequently, Q = G/E. Next, by the assertion (a) of this theorem we obtain that 
G is a solution to WL^"*(A, I, Vi, W), and since F is the greatest solution to this system, then G < F. According 
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to Theorem|631 Q = G/E < F/£, and since F/E is a solution to WLi-*(A/E,Z, Vf^^, W/E) and Q is the greatest 
solution to this system, we have that Q = F/E, i.e., F/E is the greatest solution to WL^-'^{A/E, I, Vf'^, W/E). 

Conversely, let F/E be the greatest solution to WL^"*(A/E, J, Vf^^, W/E). According to (a), F is a solution 
to the system WL^-'^(A,I, Vi, W). Let G be the greatest solution to WO-^iA,I, V,, W). By Theorem 4.5 [26], G 
is a fuzzy equivalence, and we have that E < F < G. Next, by (a) we obtain that G/E is a solution to 
WL'^-*(A/E,I, Vf'^, W/E), so G/E < F/E. But, now by Theorem[63]it follows that G < F, i.e., G = F, so we 
have proved that F is the greatest solution to WL^'*(A, /, Vi, W). 

(c) For arbitrary a\,a2 & A and i e / we have that 

(F-i o V,)(E«,,fl2) = (F o y,)(fli,fl2), (Vf^^ o F-i)(E„„fl2) = (E o V,. o E o F)(fli,fl2) = (E o V,- o F)(fli,fl2), 
(Fe o l/f/^)(fli,E„,) = (F o E o y, o E)(fli,fl2) = (F o y, o E)(fli,fl2), (V, o FE)(fli,E„,) = {V, o F)(fli,fl2), 

so Fe is a solution to WL2-3(A, A/E, J, Vi, vf'^. We) if and only if F o y, < E o y, o F and F o y,- o E < V, o F, 
for each / e /, and F < W. It is easy to verify that F o y, o E < y, o F is equivalent to F o y, < y, o F even if E 
is not a solution to WL^~*(A, /, y„ W) (using only reflexivity of E and the equality F oE = F). On the other 
hand, under assumption that E is a solution to WL}~'^{A,I, Vi, W) we obtain that F o y, < E o y, o F is also 
equivalent to F o y, < y, o F. Thus, we have proved that (c) is true. □ 

7. Relationships between solutions to heterogeneous and homogeneous weakly linear systems 

In this section we determine the relationships between solutions to heterogeneous and homogeneous 
weakly linear systems. In particular, we show that the kernel and the co-kernel of a solution to a heteroge- 
neous weakly linear system are solutions to related homogeneous systems, and we establish the connection 
between the greatest solutions to a heterogeneous systems and the related homogeneous systems. 

First we prove the following. 

Proposition 7.1. Let a fuzzy relation R e 'R{A,B) be a solution to system WL^'^{A,B,I, Vi, Wi,Z). Then 

(a) R o R-i ;s a solution to system WL^-'*(A, I, V„ Z o Z'^); 

(b) R-i o R zs fl solution to system WL^'^B, I, W„ Z"! o Z). 

Proof. For each i e I, by R~^ o y, < W, o R-i and R o W, < Vi o R it follows that 

R o R-i o y, < R o Wi o R-i < y, o R o R"! and R'^ o R o W, < R'^ o y, o R < W, o R-^ o R, 

and by R < Z we obtain that R o R~i < Z o Z~^ and R"^ o R < Z"^ o Z. Since R o R~i and R"^ o R are symmetric 
fuzzy relations, we have that R o R~^ is a solution to WL^~'^{A,I, y„Z o Z"^) and R~^ o R is a solution to 
WLi-''(B,/, W„Z-i oZ). □ 

In the previous proposition we have considered the solution of system iwl2-3\i which is an arbitrary 
fuzzy relation. In the following theorem we deal with solutions to this system which are uniform fuzzy 
relations. 

Theorem 7.2. Let R e '??(A, B) be a uniform fuzzy relation and let Z e '/?(A, B) be a fuzzy relation such that R < Z. 
Then R is a solution to system WL^~^{A,B,I, Vi, W/, Z) if and only if the following is true: 

(i) E^ zs a solution to system WL^-'*(A, I, Vi, Z o Z'^); 

(ii) El is a solution to system WL^-^{B,I, W„Z-i o Z); 

(iii) R is an isomorphism of quotient fuzzy relational systems Ji/E^ and S/E^; 
where J{ = (A, I, y,) and S = (B, I, Wi). 
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Proof. For the sake of simplicity set = E, - F and R = (p.By uniformity of R we have that E = Ro R ^ 
and F = o R. 

Let R be a solution to WL^"3(A, B, I, V,, W„ Z). By PropositionEIl (i) and (ii) hold. According to Theorem 
13.41 (p is a bijective function of A/E onto B/F. Moreover, for an arbitrary z e Z we have that 

E o o £ = R o o y, o R o < R o W, o o R o R-l = R o W,- o R"! 

= R o W,- o R-1 = R o R-1 o R o W, o R-1 < R o R-1 o y, o R o R-1 = £ o o E, 

and hence, E o y, o E = R o W,- o R~^ . 

Further, for arbitrary flj, fl2 £ A, z e Z and ip e CR(R) we have that 

yf/^(E„„E„,) = (E o y, o E)(fli,fl2) = (Z? o W, o R-i)(fli,fl2) 

= Y R(fli,fci)®W,(fcl,fo2)®^^"'(fcl,«2)= V F(./'(fli),foi)®W,(foi,fo2)®F(fci,./;(fl2)) 

bi,b2€B bi,b2€B 

= (FoW,oF){^{a,),4>{a2)) = Wf/f(F^(„,),F^(„,)) = Wf/^((^.(E«J,c/)(E„J). 

Thus, (|) is an isomorphism of fuzzy relational systems J?(/E and S/F. 

Conversely, let (i), (ii) and (iii) hold. Consider arbitrary (p e CR(R), ip e CR(R~^), fli,fl2 £ ^/ b2 & B and 
z e Z. Then we have that 

(Eoy,oE)(fli,fl2) = yf^^(E„,,E„J = Wf/^((/)(E„J,c/)(E„J) = Wf^^(Fp(„,),F,,(„,)) = (F o W, o F)((p(fli),(p(fl2)), 
and similarly, 

(F o W, o F)ih, b2) = (E o y, o E)(!/.(fci), ./'(b2)). 
Now, for arbitrary a e A,b e B, i e I, (p e CR(R) and \p e CR(R"^) we have that 

(R-^ o y,)(fc,fl) = (R"^ o E o y,)(fo,fl) < (R-i o y, o = \J R-\b,ai) ® y,(fli,fl2) ® E{a2,a) 

= y Eiipib),ai) ® y,(fli,fl2) ® E(fl2,fl) = (E ° V, o E)(./;(b),fl) = (F o W,- o F)(<p(!/.(fc)), <p(fl)) 

= Y F((p(i/;(fc)),i;i)®W,(fci,fo2)®F(^'2,<p(fl)), 

bi,b2€B 

and since F{(p{4,{b)),b) = R{ip{b),b) = R-\b,ip{b)) = 1 implies F{<p{4>{b))M) = = h{bi) = F{bM), 

we obtain that 

Y F((p(i/.(i7)), ® Wiibi, b2) ® F(^72, = Y ^^b' ^i) ® ^2) ® F(fc2, <p(fl)) 

= (F o ^Ni o F)(fo, (p(fl)) < ( W, o F)(fc, <p(fl)) = Y ^'(^' ® f (^3, (p{a)) 

bi€B 

= Y W,(Z7,&3)®R-l(Z73,fl) = (W/oR-l)(^;,fl). 

63 SB 

Hence, R~^ o y, < W, o R"i, and in a similar way we prove that R o W, < y, o R. This completes the proof of 
the theorem. □ 

A natural question which arises here is the relationship between the greatest solution to a heterogeneous 
weakly linear system and the greatest solutions to the corresponding homogeneous weakly linear systems. 
The following theorem gives an answer to this question. 

20 



Theorem 7.3. Let Z e 'R{A,B) be a uniform fuzzy relation and let system ]NL^~^{A,B,l, Vi, V\li,Z) have a uniform 
solution. 

Then the greatest solution R to WL^'^{A, B, I, Vi, W/, Z) is a uniform fuzzy relation such that is the greatest 
solution to WV-*{A, I, V„ Z o Z'^) and is the greatest solution to WV-*{B, I, W„ Z'^ o Z). 

Proof According to Theorem l4.41 R is a partial fuzzy function, and since the system WL^~^{A, B, I, Vj, Wi, Z) 
has a uniform solution, this uniform solution is contained in R, so R is also a uniform fuzzy relation. 

For the sake of simplicity set E^ = E, Eg = F and R = (|). By Theorem l7.2l it follows that E is a solution to 
WL^"*(A, I, Vi, Z o Z"^), F is a solution to WL^"*(B, /, W„ Z"^ o Z) and is an isomorphism of quotient fuzzy 
relational systems J?(/E and S/F, where J?l = {A, I, Vi) and B = (A, /, W,). 

Furthermore, assume that G is the greatest solution to WL^'*(A, I, V„ZoZ"^) and His the greatest solution 
to WLi-4(B,/, W„Z-i o Z). Let S = Ge and T = Hp, where Ge e 'R{A,A/E) and Hp e 'R{B,B/F) are fuzzy 
relations defined as in JSOl . According to Theorem 16.51 we have that S and T are uniform fuzzy relations 
such that E^ = G, E^^^ = G/E, Eg = H and Eg^p = H/F. The same theorem asserts that S is a solution 

to WL'^-^A,A/E,I, Vi, vf'^,PE) and T is a solution to WL^-^(B,B/F,I, Wi, Wf'^,Qf), where P = Z o Z"! and 
Q = Z~^ o Z. Moreover, if we consider the isomorphism cp as a fuzzy relation between A/E and B/F, then it 
is easy to verify that (pis a solution to WL'^-^iA/E,B/F, I, Vf'^, Wf <p). 

Now, let a fuzzy relation M e '??(A, B) be defined asM = S o (p o . According to Propositions 14.21 (d) 
and|431 M is a solution to system WL'^-^{A, B, I, V„ Wi, Pe o o Q-i). We will prove that PEOcpoQ-^ = Z. 

Consider arbitrary a e A and beB. First, we have that 

{PE°(po Q-p^)ia, b) = Y PE(fl, Ea,) ® {(P o Q-,'){E„^,b). 

Moreover, for arbitrary fli e A and ^ e CR(R) we obtain that 

{cp o Q-/){Ea„b) = y cp{Ea„Ft,)0Q-/{Ft„b) = Q-E\F^(a,),b) = Qf(b,F^(„,)) = Q{b,^iai)), 

bj€B 

and since Z is a uniform fuzzy relation and Q = Z~^ oZ = E|, then Q{b,\p{ai)) = Eg{\p(ai),b) - Z{a\,b), 
according to Theorem l3.2l Therefore, 

{PE^cpo Q-i)(fl, b)=\l PE(a, E„ J ® Z(fli, b)=\/{Zo Z-'){a, aj) ® Z(fli, 1^) = (Z o Z"! o Z){a, b) = Z{a. b), 

a-i€A a-i€A 

and we have proved that Pe o (p o = Z. Hence, M is a solution to WL^'^{A, B, I, Vi, W,, Z), and since R is 
the greatest solution to this system, we conclude that M < R. 
Further, consider arbitrary a £ A and ip e CR(R). Then 

M(fl, ^{a)) ^{Socpo r-i)(fl, ipia)) = \/ S(fl, E„0 ® {(p ° T-^){Ea„ ip{a)) 

ai€A 

= y S{a,E„,)®{\Ji(p{E„„Fb)®T-\Fi,^{a))j^ Y S{a,E„,) ®T-\F^^„^^,^{a)) 

ai€A beB aieA 

= y G{a,ai)®H(xp(a),ip(ai)) > G(a,a)®H{ip{a),4>{a))=l, 

flieA 

and consequently, 

(MoM~^)ia,a) = y Mia,b) ® M-\b,a) > M{a,ip{a))® M~\ip{a),a) = 1. 

beB 
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Hence, is reflexive. As G = £^ = S o S-\ we have that G o M = SoS''^ oSocpoT'^ = SocpoT''^ = M, 

and by reflexivity of M o M we obtain that G < G o M o M'^ =Mo M'^ < R o R-i = E. Since both G and E 
are solutions to system WL^'*(A, Z, V„ Z o Z~^), and G is the greatest one, we conclude that E - G, i.e., E - 
is the greatest solution to WL^-^(A, 1, 1/,-, Z o Z~^). 

In the same way we show that F = H, i.e., F = Eg is the greatest solution to WL^'^{B,I, W„Z"^ o Z). This 
completes the proof of the theorem. □ 

Let us note that the fuzzy relation M defined in the proof of the previous theorem can be also represented 
as M = G o !^ o H, for an arbitrary ip e CR{R). 

A result similar to Theorem [72] can be also obtained for system llif/2-5l l. 

Theorem 7.4. Let R e !R(A, B) he a uniform fuzzy relation and Z e B) is a fuzzy relation such that R ^ Z. 
Then R is a solution to system WL^'^{A, B, I, V,, W/, Z) if and only if the following is true: 

(i) E^ is a solution to system WL^-*{A, I, V/, Z o Z"!); 

(ii) E^ is a solution to system WL'^-^{B,I, W;,Z-i o Z); 

(iii) R is an isomorphism of quotient fuzzy relational systems Jl/E'^ and S/E^; 
where J{ = (A, I, V,) and S = (B, J, W,). 

Proof. For the sake of simplicity set E^ = E, Eg = f and R = (p.By uniformity of R we have that E = Ro R~^ 
and F = o R. 

Let R be a solution to WL^"^(A, B, /, Vj, W„ Z). Due to reflexivity of E and F, for each z e / we have 

E o y, < E o V,- o E = R o R-l o V,- o R o R-l = R o R-l o R o W, o R"! 

= RoW,o R-i = y, o R o R-i = Vi o E, 
W,- o F < F o W, o F = R-l o R o W,- o R-l o R = R"! o y o R o R"! o R 

= R-l o y, o R = R-l o R o W,- = F o W/, 

and by symmetry of E and F we obtain that E is a solution to WL^'*(A, Z, Vj, Z o Z"^) and F is a solution to 
WL^'^(B, Z, Wj, Z~^ o Z). As we have shown above, E o y, o E = R o W,- o R"^, for every i e Z, and as in the proof 
of Theorem l7.2l we prove that (p is an isomorphism of fuzzy relational systems JilE and S/F. 
Conversely, let (i), (ii) and (iii) hold. As in the proof of Theorem l7.2l we show that 

(E o y, o E)(fli, fl2) = (F o W,- o F)((p(fli), (p(fl2)), (F o W, o F)(fci, 1^2) = (E o V, o E){ip{hi), 4>{b2)), 
for all fli,fl2 £ ^/ ^1, b2 e B,i e I,(p e CR(R) and i/) e CR(R"^). Thus, for all a e A, e B and e Z we have that 
(Vi o R)(fl, fc) = (Vi o E o R)(fl, ^;) = (E o y,- o E o R)(fl, ^;) = (E o y,- o R)(fl, b) 

= Y (E o y)(fl,fli) ® R(fli, fc) = Y (E o y)(fl, fli) ® E(fli, ip(b)) = (Eo Vi o E)(fl, ip(b)) 

ai€A BieA 

= (F o Wi o F)(<p(fl), (p(./'(b))) = Y ° ^')i(pia), h) ® F(bi,(piipib))) = (F o W, o F)((pia), b) 

bi€B 

= (F o Wi){(p(a), b)=\/ F{cp(a), ^2) ® W,(b2, b) = Y ■'^(«' ^2) ® ^'(^2' ^) = ° W,)(fl, b). 

b2€B bzSB 

Therefore, y oR = Ro W„ for each / e Z, and we have proved that R is a solution to WL^~^{A, B, Z, y, W„ Z). □ 

It is an open question whether the analogue of Theorem l7.3l is valid for the system iwl2-5\ . The method- 
ology used in Theorem [7]3] does not give results when it works with this system. 
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8. Some applications 



Fuzzy relational systems have many natural interpretations and important applications. We will mention 
two of them, and we will also point to applications of weakly linear systems related to these interpretations. 

First, a fuzzy relational system ^ = (A, I, Vi) can be interpreted as the system of fuzzy transition relations 
of some fuzzy transition system [5] or a fuzzy automaton (when fuzzy sets of initial and terminal states are also 
fixed) Iil0l4l3i,[42l] with A as the set of states and / as the input alphabet (set of labels). In this interpretation, the 
concept of a quotient fuzzy relational system corresponds to the concept of a quotient (factor) fuzzy auto- 
maton or fuzzy transition system which has been introduced in |12, 13]. Quotient fuzzy automata have 
been used in Il2l,ll3ll42ll to reduce the number of states of a fuzzy automaton, and from this aspect, there are 
interesting those quotient fuzzy automata which are language-equivalent to the original fuzzy automaton. 
In particular, the language-equivalence is achieved when the quotient fuzzy automaton is made by means 
of fuzzy equivalences which are solutions to homogeneous weakly linear systems izvll-Ai and izvll-Si (or 
to/l-lt and iwll-2i ), and the best such reductions are attained by means of the greatest solutions to these 
systems. Let us note that in these cases the fuzzy relation W is taken to be the greatest fuzzy equivalence 
such that the fuzzy set of terminal states or the fuzzy set of initial states is extensional with respect to it. 

On the other hand, heterogeneous weakly linear systems ll;f/2-ll l-( |n;/2-6l l have been studied in the context 
of fuzzy automata in [10, 11] (see also [7]), with the fuzzy relation Z given in terms of fuzzy sets of initial and 
terminal states, and certain additional constraints given also in terms of fuzzy sets of initial and terminal 
states. Solutions to iwl2-li and izvl2-2\i are called simulations {respectively forzvard and backward simulations), 
and solutions to iwl2-3i - iwl2-6i are called bisimulations (respectively forward, backward, backward-forward 
ar\d forward-backward bisimulations). All types of bisimulations realize the language-equivalence between 
fuzzy automata, and forward and backward bisimulations which are uniform fuzzy relations are used to 
model structural equivalence between fuzzy automata. More information on fuzzy automata with mem- 
bership values in c omp lete residuated lattices, state reduction, simulation, bisimulation and equivalence 
can be found in fl^-fistl?]. 

In another interpretation of the fuzzy relational system ^ = {A, I, V/), A is taken to be a set of individuals 
and { V, j,ei is a system of fuzzy relations between these individuals. Such a fuzzy relational system is called a 
fuzzy social network, or just a fuzzy network, since concepts of social network analysis share many common 
properties with other types of networks and its methods are applicable to the analysis of networks in gen- 
eral. In large and complex networks it is impossible to understand the relationship between each pair of 
individuals, but to a certain extent, it may be possible to understand the system, by classifying individuals 
and describing relationships on the class level. In networks, for instance, individuals in the same class 
can be considered to occupy the same position, or play the same role in the network. The main aim of the 
positional analysis of networks is to find similarities between individuals which have to reflect their posi- 
tion in a network. These similarities have been formalized first by Lorrain and White [29] by the concept of 
a structural equivalence. Informally speaking, two individuals are considered to be structurally equivalent 
if they have identical neighborhoods. However, in many situations this concept has shown oneself to be 
too strong. Weakening it sufficiently to make it more appropriate for modeling social positions. White and 
Reitz [43] have introduced the concept of a regular equivalence, where two individuals are considered to 
be regularly equivalent if they are equally related to equivalent others. In the context of fuzzy relations, 
regular equivalences correspond to fuzzy equivalences which are solutions to the homogeneous weakly 
linear system llif/l-6l l (or l|zf/l-3b ). Making the quotient fuzzy relational system with respect to a regular 
fiizzy equivalence we reduce the number of nodes in the original network, while preserving essential 
relations between nodes. Fuzzy relations which are solutions to systems (|n;/2-ll l-l lif/2-6b also have natural 
interpretations when dealing with bipartite networks, which will be the topic of our further research. More 
information on various aspects of the network analysis and its applications can be found in 



9. Concluding remarks 

New types of fuzzy relation inequalities and equations, called weakly linear, have been recently intro- 
duced and studied in 12611 . They are composed of fuzzy relations on a single set and are called homogeneous. In 
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this paper we have introduced and studied heterogeneous weakly linear systems, which are composed of fuzzy 
relations on two possible different sets, and an unknown is a fuzzy relation between these two sets. We 
have proved that every heterogeneous weakly linear system has the greatest solution, and we define isotone 
and image-localized functions (p^''' (z = 1, . . . , 6) on the lattice of fuzzy relations between A and B such that 
each of the six heterogeneous weakly linear systems can be represented in an equivalent form LI < cp^'^QJ), 
U K Z. Such representation enables us to reduce the problem of computing the greatest solution to a hetero- 
geneous weakly linear system to the problem of computing the greatest post-fixed point, contained in the 
fuzzy relation Z, of the function c^''' . For this purpose we use the iterative method developed in 1 26], adapted 
to the heterogeneous case. Besides, we introduce the concept of the quotient fuzzy relational system with 
respect to a fuzzy equivalence, we proved several theorems analogous to the well-known homomorphism, 
isomorphisms and correspondence theorems from imiversal algebra, and using this concept we establish 
natural relationships between solutions to heterogeneous and homogeneous weakly linear systems. 

Weakly linear systems originate from research in the theory of fuzzy automata. Solutions to homoge- 
neous weakly linear systems have been used in fl3. [isl. |42] for reduction of the number of states, and 
solutions to the heterogeneous systems have been used in [10, 11] in the study of simulations and bisimu- 
lations between fuzzy automata. In our further work both homogeneous and heterogeneous weakly linear 
systems will be used in the study of fuzzy social networks. Besides, methodology developed in the study of 
weakly linear systems will be generalized and applied to a much wider class of fuzzy relation inequalities 
and equations, as well as to matrix inequalities and equations over max-algebras. 
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